Various proofs of the Cauchy-Schwarz inequality
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1 Introduction

The Cauchy-Schwarz inequality is an elementary inequality and at the same time a powerful inequality,
which can be stated as follows:

Theorem. Let (ay,as,...,a,) and (by,ba,...,b,) be two sequences of real numbers, then
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with equality if and only if the sequences (ay,az,...,a,) and (by,ba,...,by) are proportional, i.e., there is a

constant A such that ay, = by for each k € {1,2,...,n}.

As is known to us, this classical inequality plays an important role in different branches of modern
mathematics including Hilbert spaces theory, probability and statistics, classical real and complex analysis,
numerical analysis, qualitative theory of differential equations and their applications (see [1-12]). In this
paper we show some different proofs of the Cauchy-Schwarz inequality.

2 Some different proofs of the Cauchy-Schwarz inequality

Proof 1. Expanding out the brackets and collecting together identical terms we have
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, <Z:;“2> <z:;b2> —9 (gaim)z.

Because the left-hand side of the equation is a sum of the squares of real numbers it is greater than or

equal to zero, thus
n n n 2
() (3% = (32
i=1 i=1 i=1

n

?



Proof 2. Consider the following quadratic polynomial
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f(x)= <Za22> ) (Z aibi) z+ be = Z(aix — ;)%
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Since f(z) > 0 for any x € R, it follows that the discriminant of f(x) is negative, i.e.,
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Proof 3. When > a? =0or > b? =0, (1) is an identity.
i=1 i=1
We can now assume that

The inequality (1) is proved.

An:zn:af#Q Bn:zn:b?;«éo, T; =
i=1 i=1

then

The inequality (1) is equivalent to

T1Y1 F XoY2 + - TpYn < 1,
that is

2x1y1 + ToYs + - TpYn) < T F 542 byl dys o+ y2,

or equivalently

(1‘1 _y1)2+(x2_y2>2++(xn_yn)2 205

which is evidently true. The desired conclusion follows.

Proof 4. Let A=\/a}+ a3+ - +a2, B= /b3 +b03+ - +b2.
By the arithmetic-geometric means inequality, we have

so that

n
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Proof 5. Let A, =a?+a3+---+a2, B, =aib; +asby + -+ apb,, C, =03 +b3+ - +b2.
It follows from the arithmetic-geometric means inequality that

Thus
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therefore

AnCn Z B?m
that is

(af+ a3+ +a2)(bF + b3+ +b2) > (a1by + agbs + -+ + anby,)?.

Proof 6. Below, we prove the Cauchy-Schwarz inequality by mathematical induction.
Beginning the induction at 1, the n = 1 case is trivial.
Note that

(a1by + agho)® = a2b? + 2a1byashs + a2b3 < a?b? + a?b3 + adb? + a2b3 = (a? + a2)(b? + b3),

which implies that the inequality (1) holds for n = 2.
Assume that the inequality (1) holds for an arbitrary integer k, i.e.,

(B) <) (%)

Using the induction hypothesis, one has
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It means that the inequality (1) holds for n = k + 1, we thus conclude that the inequality (1) holds for
all natural numbers n. This completes the proof of inequality (1).

Proof 7. Let
A:{alblu"'albn7a2b17”' ;a2bn7"' 7anb17"'anbn}
B:{a1b17"'a1bn7a2b1a"' 7a‘2bna"' ,G;nb]_,"'anbn}
C:{a1b17"'albn7a2b17"' 7a2bn7"' 7anb17"'anbn}
D = {a1b17"'anb17alb27"' 7a’nb2a"' 7a1bn7"'anbn}

It is easy to observe that the set A and B are similarly sorted, while the set C' and D are mixed sorted.
Applying the rearrangement inequality, we have
(a1b1)(a1br) +- - -+ (a1bn)(a1by) + (azby)(azby) + - - - + (a2bn)(a2bn) + - - + (anb1)(anb1) + - - - + (anby ) (anby)

> (a1b1)(aibr)+---+(a1by)(anby)+ (a2b1)(arbz)+- - -+ (agbyn ) (anba) +- - -+ (anbi)(a1bn) +- - -+ (anbn) (anbn),
which can be simplified to the inequality

(a7 +a5+---+ap)(b; + b5+ +bp) > (a1by + agby + -+ + anby,)”

as desired.

Proof 8. By the arithmetic-geometric means inequality, one has for A > 0,
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Choosing A = ([ >~ b? / >~ a? in the above inequality gives
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or equivalently
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The desired conclusion follows.
Proof 9. Construct the vectors o = (a1,a9, - ,a,), 8 = (b1,b2, -+ ,b,). Then for arbitrary real

numbers ¢, one has the following identities for scalar product:

(a+th)-(a+tB) =a-a+2(a-B)t+ (8- 4

= la*+2(a-B)t+ |82 = |a+t8]> > 0.
Thus
(- B)* = af* 18 < 0.

Using the expressions

a'ﬁ:alb1+a2b2+"'+anbn7 |a|2zza?7 |ﬁ|2:Zb3,
=1

i=1
we obtain
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Proof 10. Construct the vectors a = (a1,a9, -+ ,a,), B = (b1,ba, - ,by).

From the formula for scalar product:

a- B =|al|B]cos(a,B),
we deduce that

a-f<laflpl.



Using the expressions

n

n
a-fB=aiby +ashy + -+ apb,, |oz|2 = Zaf, |B|2 = be,
i=1 i=1
we get the desired inequality (1).

Proof 11. Since the function f (z) = 22 is convex on (—00, +00), it follows from the Jensen’s inequality
that

(p121 + pawa + - -+ + Ppn)? < praf + peas + -+ puad, (2)
where z; e R, p; >0 (i=1,2,...,n), pr +p2+---+pp =1L

Case I. If b; # 0 for i = 1,2,...,n, we apply x; = a;/b; and p; = b?/(b3 + b3+ --- +b2) to the
inequality (2) to obtain that

arby +agby + -+ anby 2<a%+a§+---+a%
b+ b3+ +b2 T 4b3 4+ b2
that is

(a1by 4 asby 4 -+ anby)? < (af + a3+ +a2)(b] + b3 +---+b2).
Case II. If there exists b;, =b;, =--- =b;, =0, one has

n 2
a;b; = a;b;
(o) (2

i#il,...,ik,lgign

S s = (S (S2)

10,0, 1<E<N 1,0, 1<ESN

This completes the proof of inequality (1).
Proof 12. Define a sequence {S,} by

Sp = (a1by + agby + -+ anby)? — (a3 + a2+ +a2) (B2 4+ b3+ +b2).
Then

Spi1 — Sp = (arby + agby + -+ + apy1bpir)’ — (a% +as+-+ ai+1) (b% +b5 4+ bi+1)

—(a1by + azby + -+ anba)” + (af + a3+ an) (6 + 05+ oo+ 07),
which can be simplified to

2

S7L+1 - Sn = - [(albn+1 - blan-l—l)Z + (a2bn+1 - b2an+1) + -+ (anb71,+1 - bnan+1)2:| )

SO
Sn+1 <S5, (TL S N)
We thus have
Spn <81 < <5 =0,

which implies the inequality (1).
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